Introduction and the results

Denote by △ the open unit disc in C.
A complex manifold is called Stein if it is biholomorphic to a closed complex submanifold of a complex Euclidean space C N . A closed subset Y ⊂ X is called complete pluripolar if there exists a plurisubharmonic function ρ on X such that Y = {z; ρ(z) = −∞}.
In this paper we prove the following result.
Theorem 1.1. Let X be a Stein manifold of dimension at least 2. Given a complete pluripolar set Y ⊂ X, a point p ∈ X \ Y and a vector v tangent to X at p, there exists a proper holomorphic map f : △ → X such that f (0) = p, f ′ (0) = λv for some λ > 0 and f (△) ∩ Y = ∅.
Clearly, every closed complex analytic subset A of a Stein manifold is locally complete pluripolar, that is, for any point of a ∈ A there is an open neighborhood U of a such that A ∩ U is complete pluripolar in U. By [Col] every locally complete pluripolar set in a Stein manifold is complete pluripolar, thus every closed complex analytic subset is complete pluripolar. Therefore our theorem answers the question posed in [FG2] on the existence of proper holomorphic discs in the complements of hypersurfaces.
J. Globevnik [Glo] proved in 2000 that for any point p in a Stein manifold of dimension at least 2 there exists a proper holomorphic map from the unit disc to X with the point p in its image. The most general result on avoiding certain sets by proper holomorphic discs was given by H. Alexander [Ale] in 1975: he proved that for a closed polar set E ⊂ C there exists a proper holomorphic map F = (F 1 , F 2 ) : △ → C 2 such that F 1 (△) ∩ E = ∅. On the other hand, a proper holomorphic disc in C 2 cannot avoid a non-polar set of parallel complex lines (see [Jul, Tsu, Ale, FG2] ). F. Forstnerič and J. Globevnik [FG2] in 2001 constructed a proper holomorphic disc in C 2 whose image avoids both coordinate axes and proper holomorphic discs avoiding large real cones in C 2 . However, it was unknown if the image of a proper holomorphic map from the disc can avoid three or more complex lines. Closed convex sets in C 2 which can be avoided by the image of proper holomorphic maps from the disc were characterized in [Dri] .
We shall prove the following approximation theorem which easily implies Theorem 1.1. In fact, Theorem 1.1 will follow directly from Lemma 2.3. Theorem 1.2. Let X be a Stein manifold of dimension at least 2 and let Y ⊂ X be a complete pluripolar subset. Let d be a metric on X. Assume that f : △ → X is a holomorphic map such that there is an open subset V ⊂⊂ △ with the property
We will prove Theorem 1.2 in section 2.
Corollary 1.3. Let X be a Stein manifold of dimension at least 2 and let Y ⊂ X be a complete pluripolar subset. Assume that S is a discrete subset of X such that S ∩ Y = ∅. There are proper holomorphic maps
Proof. Note that finite union of complete pluripolar sets is complete pluripolar and that a discrete set is complete pluripolar. Let S = {s n ; n ∈ N}. We shall construct the maps f n inductively. By Theorem 1.1 there is a proper holomorphic map f 1 : △ → X such that f 1 (△) ∩ (Y ∪ S \ {s 1 }) = ∅ and f 1 (0) = s 1 . Assume that for some n ∈ N we have already constructed proper holomorphic maps f j :
. By Remmert proper mapping theorem [Re1, Re2] , [Chi, p. 65 ] the image of proper holomorphic map is analytic subset of X and therefore complete pluripolar. Thus
and f n+1 (0) = s n+1 . The inductive construction is finished and the proof is complete.
Let R be a bordered Riemann surface. Ahlfors [Ahl] constructed inner functions on any bordered Riemann surface: a nonconstant continuous function f : R → △ is called an inner function or an Ahlfors function on R if |f | = 1 on bR. Therefore Theorem 1.1 implies the following: Corollary 1.4. Let X be a Stein manifold of dimension at least 2 and let Y ⊂ X be a complete pluripolar subset. Given a bordered Riemann surface R there is a proper holomorphic map f :
Proof of Theorem 1.2
As it was observed in [FG2] the methods developed in [FG1, Glo] actually prove the following:
Theorem 2.1. Let X be a Stein manifold of dimension at least 2 and ρ : X → R a smooth exhaustion function which is strongly plurisubharmonic on {ρ > M} for some M ∈ R. Let f : △ → X be a continuous map which is holomorphic on △ such that ρ(f (ζ)) > M for each ζ ∈ b△. Let d be a metric on X. For any numbers 0 < r < 1, ǫ > 0, N > M and for any finite set A ⊂ △ there exists a continuous map
Remark. Theorem 2.1 was first proved in [FG1] for pseudoconvex domains in C K in the case that ρ has no critical value on the interval [M, N] . In this case the map g is obtained inductively; at each inductive step one increases the values of ρ on the boundary of the disc for a certain amount which depends on the size of the gradient of ρ. The method for crossing the critical level sets was developed in [Glo] . The main idea is to push the boundary of the disc across the critical level set by adding a small non-holomorphic contribution which can be cancelled off during a later stage of the lifting procedure. (Here it is convenient to embed X into C N .) This requires very precise control of the distance between the smooth disc and the space of holomorphic discs and the construction is very delicate. A similar way of crossing the critical level can be done using the gradient flow of ρ as described in [FG2, Appendix] .
We wish to use this opportunity to indicate a simpler way of crossing a critical level of ρ by the method developed in [For, Section 6.4] . Assume that p is the only critical point of ρ on the level set {z; ρ(z) = ρ(p) = 0}. We choose strongly plurisubharmonic function τ as in [For, Lemma 6.7] . To push the boundary of a holomorphic disc over the 0 level set of ρ we first push the boundary of the disc very close to this level set and then we use the procedure of pushing the boundary of the disc in the non critical case with the function τ instead of ρ. More precisely, the sublevel set {z; τ (z) ≤ 0} is contained in the union of the sublevel set {z; ρ(z) ≤ −c 0 } for some suitable small c 0 > 0 and the handle E which is the nonstable manifold of the critical point p with respect to the gradient flow of ρ (in the local coordinates around p the handle E is a linear totally real subspace with boundary bE in the level set {z; ρ(z) = −c 0 }). For some c 1 , 0 < c 0 < c 1 , we have {z; ρ(z) ≤ c 1 } ⊂ {z; τ (z) ≤ 2c 1 } ⊂ {z; ρ(z) < 3c 1 }, τ has no critical value on the interval (0, 3c 1 ) and ρ has no critical value on the interval [−c 1 , 3c 1 ]. So we first push the boundary of the disc to the set {z; −c 0 < ρ(z) < 0}. Dimension reasons imply that we can in addition achieve (by a small holomorphic perturbation) that the boundary of the disc does not intersect E. Next we push the boundary of the disc using τ from {z; τ (z) > 0} to {z; τ (z) > 2c 1 } and then we switch back to ρ; we continue the pushing with ρ until we get close to the next critical level. Thus the proof of Theorem 2.1 reduces to the non critical case and we do not need non-holomorphic contributions.
We now proceed with the proof of Theorem 1.2. We need the following:
Lemma 2.2. Let X be a Stein manifold of dimension at least 2 and Y ⊂ X a complete pluripolar set. Let L 1 ⊂ L 2 ⊂ X be holomorphically convex compact sets. Then the set
and F (z 0 ) = 1. The function ǫρ + |F | 2 is plurisubharmonic on X for each ǫ > 0. For ǫ > 0 small enough we have that sup L 2 ǫρ(z) < . Therefore the set (L 1 ∪ Y ) ∩ L 2 is holomorphically convex. This completes the proof.
The main tool in the proof of Theorem 1.2 is the following Lemma 2.3. Let X be a Stein manifold of dimension at least 2 and let Y ⊂ X be a complete pluripolar subset. Let d be a metric on X.
Assume that f : △ → X is a holomorphic map such that there is an open subset V ⊂⊂ △ with the property f (ζ) / ∈ Y for ζ ∈ △ \ V . Given ǫ > 0 there are a domain Ω, {0} ∪ V ⊂⊂ Ω ⊂⊂ △, conformally equivalent to the unit disc and a proper holomorphic map g : Ω → X with the following properties
Proof. One can choose a simply connected domain Ω 1 such that {0} ∪ V ⊂⊂ Ω 1 ⊂⊂ △. By [Hör, Theorem 5.1.6] there is a smooth strongly plurisubharmonic exhaustion function ρ for Stein manifold X. Choose M 1 so big that ρ(f (ζ)) < M 1 for ζ ∈ Ω 1 . Since ρ • f is subharmonic the maximum principle and continuity imply that there is a simply connected domain
Choose a strictly increasing sequence {M n } converging to ∞. Let U 0 = ∅ and for n ∈ N denote by U n the sublevel set {z ∈ X; ρ(z) < M n } and observe that U n is a holomorphically convex compact set. We shall construct inductively a decreasing sequence of domains {△ n } conformally equivalent to △, an increasing sequence of domains {Ω n } conformally equivalent to △ such that {ζ ∈ △ n ; dist(ζ, b△ n ) > 1 n } ⊂ Ω n ⊂⊂ △ n (n ∈ N), a sequence of continuous maps g n : △ n → X, holomorphic on △ n , and a decreasing sequence of positive numbers {ǫ n }, satisfying for each n ∈ N the following
Let g 1 = f and let △ 1 and Ω 1 as above. Then (I) holds. Choose ǫ 1 , 0 < ǫ 1 < ǫ, so small that (V) holds for n = 1. Suppose that j ∈ N and that we have constructed g n , △ n , Ω n and ǫ n , 1 ≤ n ≤ j, such that (I) and (V) hold for 1 ≤ n ≤ j and (II), (III), (IV) and (VI) hold for 1 ≤ n ≤ j − 1. It follows by Lemma 2.2 that the set (U j−1 ∪ Y ) ∩ U j+1 is holomorphically convex. Therefore there is a smooth strongly plurisubharmonic exhaustion function ρ j+1 on X such that ρ j+1 (z) < 0 (z ∈ (U j−1 ∪ Y ) ∩ U j+1 ) and ρ j+1 (g j (ζ)) > 0 (ζ ∈ △ j \ Ω j ) [Hör, Theorem 5.1.6] . There is N so big that U j ⊂ {z; ρ j+1 (z) < N}. We use Theorem 2.1 to get a continuous map g j+1 : △ j → X, holomorphic on △ j , with the following properties
By (a) and by the choice of N we get that ρ(g j+1 (ζ)) > M j (ζ ∈ b△ j ). Thus there is M, M j < M < M j+1 , such that the holomorphic disc g j+1 (△ j ) and the level set {z; ρ(z) = M} intersect transversally. It follows by (c) and (V) that g j+1 (Ω j \ V ) ⊂ U j . This and the fact that ρ • g j+1 is subharmonic imply that there is a simply connected component of {ζ ∈ △ j ; ρ(g j+1 (ζ)) < M} which contains Ω j . We denote such component by △ j+1 . Choose a simply connected domain Ω j+1 ,
It is easy to see that △ j+1 , Ω j+1 , g j+1 satisfy (I) for n = j + 1 and (II), (III) and (IV) for n = j. To choose ǫ j+1 we shall first show that
We get by (V) and (III) for n = j that g j+1 (Ω j \ V ) ∩ Y = ∅. This proves our claim and together with (II) for n = j implies that there is ǫ j+1 , 0 < ǫ j+1 < ǫ j , so small that (V) holds for n = j + 1 and that (VI) holds for n = j. The construction is finished.
Denote by Ω the intersection ∩ ∞ j=1 △ j . Since {ζ ∈ △ n ; dist(ζ, b△ n ) > 1 n } ⊂ Ω n (n ∈ N) we get that Ω = ∪ ∞ j=1 Ω j . As Ω is a union of an increasing sequence of simply connected open sets it is conformally equivalent to the unit disc and by (III) it holds that for each ζ ∈ Ω, g(ζ) = lim n→∞ g n (ζ) exists and the map g is holomorphic on Ω. Now we show that g is a proper map. Fix j ∈ N. It follows by (III) that d(g(ζ), g j+1 (ζ)) ≤ d(g j+1 (ζ), g j+2 (ζ)) + d(g j+2 (ζ), g j+3 (ζ)) + · · · < < ǫ j+1 2 j+1 + ǫ j+2 2 j+2 + · · · < ǫ j+1 (ζ ∈ Ω j+1 ).
Thus for ζ ∈ Ω j+1 \ Ω j it holds by (VI) that g(ζ) / ∈ U j−1 . This implies that g is a proper map. To prove that g(Ω \ V ) avoids Y , choose ζ ∈ Ω \ V . There is j ∈ N so large that ζ ∈ Ω j+1 . It follows by (1) and by (V) that g(ζ) / ∈ Y . We get by (IV) that g(0) = f (0) and g ′ (0) = f ′ (0). Therefore Ω and g have all the required properties. This completes the proof. h n (ζ) / ∈ V . By (a) we have that g(ζ) / ∈ Y . This proves (i). The proof is complete.
